barcelonalgse

graduate school of economics

R E S E A R C H N E F W O R K

Competitive prices of homogeneous
goods in multilateral markets

Oriol Tejada

Carles Rafels

January 27, 2009

Barcelona Economics Working Paper Series

Working Paper n® 370



Competitive prices of homogeneous goods in

multilateral markets

Oriol Tejada and Carles Rafels *
Department of Actuarial, Financial and Economic Mathematics
Universitat de Barcelona, Av.Diagonal, 690, E-08034 Barcelona, Spain

e-mail: oriol.tejada@ub.edu; crafels@ub.edu

27th January 2009

Abstract

We introduce a subclass of multi-sided assignment games that embodies markets with
different types of firms that produce different types of homogeneous goods. These markets
generalize bilateral Bohm-Bawerk horse markets. We describe the geometric and algebraic
structure of the core, which is always nonempty. We also characterize the extreme points
of the core and show that they are marginal worth vectors, although this does not hold for
arbitrary multi-sided assignment games. Finally we show that prices that are obtained

from core allocations are competitive and vice versa.

Keywords: Assignment games, multi-sided markets, homogeneous goods, core

JEL Classification: C71, C78

*We would like to thank Josep Maria Izquierdo, Xavier Martinez de Albéniz and Marina Ntifiez for their
comments and suggestions. Support from grant Programa FPU of Ministerio de Educacién y Ciencia of the
Spanish Government and from the Barcelona Economics Program of CREA, Ministerio de Educacién y Ciencia

and FEDER, under grant EC02008-02344/ECON is acknowledged.



1 Introduction

Consider a market in which there are buyers and two types of firms producing respectively
two types of indivisible and perfectly complementary goods. Let S = {Si,...,S,.} and
H = {Hi,...,Hy,} be the two sets of goods. For instance, S could be a set of software

products and H a set of hardware products. Suppose there are ng firms each one of them

producing exactly one different unit of S at unitary costs cf , ...,cgs respectively and ny
firms each one of them producing exactly one different unit of H at unitary costs ci, ..., cfh

respectively. Each buyer is only interested on buying at most a unit of each type of product,
but has no utility on buying separately either a unit of S or a unit of H. If B = {By, ..., By, }
is the set of n; buyers we denote by wfj the willingness-to-pay of buyer By for the pair
(Si, Hj).

In this market, a transaction can only be carried out when a buyer acquires exactly a unit
of S and a unit of H. Let p; and g; be the prices the buyer By, pays for S; and H}, respectively.
At such prices, her utility is given by wfj — pi — q;, whereas the benefit of the firm producing
S; is p; — cl-s and the benefit of the firm producing H; is ¢; — cf . If we assume that the
utility of the buyer is monetary and transferable the total surplus generated by a transaction
is (wf] —p; — qj) + (p,- — CZS) + (qj — cf) = wfj — cis — c]H. Obviously, if wfj — cf — cg-{ <0
no transaction will be carried out because there are no prices that simultaneously give non-
negative utility to the buyer and the two producers. Then, let a;;, = max {0, wfj — cis — cf }
be the total gain generated when S;, H; and B}, are ’assigned’, i.e: when buyer By, buys S;
and H;. The above market is completely determined by giving the sets of buyers and firms
and parameters a;j;. Obviously, the model can be extended to an arbitrary m-sided market,
with m — 1 different types of goods.

A particular case of the above market is obtained when the willingness-to-pay of any

buyer is the same, irrespective which firms she buys products S; and H; from. That is, units

of S and units of H are respectively homogeneous from any buyer’s point of view. In such



k

case we can denote w;; = wk, and thus the profit generated by buyer By, and firms S; and H. §

5 c]H } This specific market is the natural generalization

is given by a;j;, = max {O,wk —c
of the Bohm-Bawerk horse market (Bohm-Bawerk, 1923) to a three-sided market.

The above m-sided market -either with homogeneous goods or not- can be studied in the
framework of multi-sided assignment games. Multi-sided assignment games were introduced
by Quint (1991) as the generalization of two-sided assignment games (Shapley and Shubik,
1972), and have been studied also in Lucas (1995), Stuart (1997) and Sherstyuk (1998, 1999).

The present paper is devoted to study the subclass of multi—sided assignment games that
embodies multi-sided markets with homogeneous goods. Such multi-sided assignment games
will be called truncated additive. The rest of the paper is organized as follows. In Section 2 we
present the necessary notation and background results. In Section 3 we define the truncated
additive multi-sided assignment games and describe their core. In Section 4 we characterize
the extreme points of the core of such multi-sided assignment games and prove that every
extreme core point is a marginal worth vector. In Section 5, we characterize the dimension
of the core of any truncated additive multi-sided assignment game. Finally, in Section 6

competitive prices in multi-sided assignment markets with homogeneous goods are analyzed

in terms of the results obtained in previous sections.

2 Preliminaries and notation

Consider a m-sided market in which there are m different types (or sectors) of agents. For any
type j, 1 < j < m, let {j} x N7 be the finite set of agents of type j, where N7 = {1,2,...,n;}.
That is, the i-th agent of type j is the pair (j,i) € {j} x N/. However, by convention
(see Quint, 1991) we will refer to agent (j,7) as j-i. On the other hand, since for every
4, 1 < j < m there is a bijection between N7 and {j} x N7, when no confusion can arise
we will use the former set instead of the latter. In particular, we call any m-tuple of agents

E = (i1, ...im) € N x ... x N™ an essential coalition and we say that agent j-i belongs to E



if Bj = i.

In a m-sided assignment problem (shortly m-SAP) exactly one agent of each type is
required to turn a transaction into a value. Thus, for any (iy,...,im) € N' x ... x N™
there is a parameter a;, _;,, that stands for the worth of the transaction when agents j-
15, 1 < j < m meet. Hence, a m-sided assignment problem is completely defined by giving

the sets N7, 1 < j < m, and the function

A:N'x..xN™ — Ry
(01yeeyim) — A1y ey im) = Giy iy s
where Ry = [0,400). The reader will notice that the function A represents a m-dimensional
matrix. A m-sided assignment problem is denoted by (N!,..., N™: A) and, if ny =ng = ... =
N, We say that the m-SAP is square.

A matching p = {E', ..., E'} among N ..., N™ is a set of essential coalitions such that
lu| = t = minj<j<p, |N?| and any agent j-i belongs at most to one essential coalition
E',...,E'. We say that agent j-i is unassigned by p if she does not belong to E¥ for
any 1 < k <t. We denote by M(N!, ..., N™) the set of all matchings among N!, ..., N™.

Given a m-SAP (N',..., N™: A), a matching p* is optimal if

S Al eim) = Y AL i),
(41,00t ) EQ* (1,0sTm) Ep
for any u € M(N1, ..., N™). We denote by M* (N1, ..., N™) the set of all optimal matchings
of (N',...,N™; A). Since ni,...,n,, are finite, at least one optimal matching always exists
and thus M% (N L ..., N™) is always nonempty.

Following Shapley and Shubik (1972) and Quint (1991), for each multi-sided assignment
problem (N',..., N™; A) the m-sided assignment game (m-SAG) is the cooperative game
(N,wa) with set of players N = {j-i : 1 < j < m,1 < i < n;} and characteristic function
w4 defined as the smallest superadditive function on 2V satisfying w4 ({j-i}) = 0 for all

1<i<nj,1<j<mand wa({l-i1,....m-ip}) = @i 4, for all (i1, ...,im) € Nt x ... x N™.



Formally,

wa(S) = x > Al eim) ¢
o

= ma
pEM(NIAS,...,NmAS) 1 Tye
where the summation over the empty set is zero.
Notice that for a given m-SAP (N!,..., N™; A), there are nj + ... + n,, different players.
Hence, the payoff vectors for the associated m-SAG belong to R x ... x R%™. We will denote

ni n
any payoff vector z € R" x ... x R™ by
(517117"'7$1n1;$217"'7$2n2;"';$m17"'7$mnm)y

where, for all 1 < j <m and 1 <1 < nj, xj; is the payoff of agent j-i and the semicolons are
used to separate payoffs to agents of different types.

Quint (1991) shows that given a multi-sided assignment game (N;w4), its core (Gillies,
1959), that will be denoted by C(wa), is the set of vectors satisfying that x;; = 0 if j-i is

unmatched under some optimal matching and

(1) Zx_ﬂ] > A(il7"’7iM)7
j=1

for any (i1, ...,3m) € N* x ... x N™ where (1) holds as equality if (i1, ...,%,,) belongs to some
optimal matching.

Finally, if m = 2 the setting reduces to the classic Shapley-Shubik assignment market
(Shapley and Shubik, 1972). It is well-kown that such games are always balanced, i.e. they
have a nonempty core. Furthermore, since any subgame of a m-SAG is also a m-SAG, two-
sided assignment games are totally balanced, i.e. any subgame has always a nonempty core.
However, for more than two sides the core of a m-SAG may be empty -see Kaneko and
Wooders (1982) in a more general framework or Quint (1991)- and balanced m-SAGs might

not be totally balanced (Quint, 1991).



3 Truncated additive m-sided assignment games: the core

We next introduce a subclass of multi-sided assigment problems, namely the truncated additive.
Roughly speaking, given fixed exogenous vectors one for each type of agents dy € R™,...,d,, €
R am-SAP (N1,...,N™; A) is truncated additive if each entry of the matrix A is obtained
adding exactly one specific element of each vector di,...,d,,, whenever the sum is positive.
When it is not, the entry is truncated to zero. For all j, 1 < j7 < m we denote the i-th

component of the vector d; € R by dj; and we refer to it as the productivity® of agent j-i.

Definition 1 Given the sets of agents N', ..., N™ and exogenous vectors di € R™, ..., d,, €
R™™ , the truncated additive m-SAP associated to d = (dy, ..., dp,) is the m-SAP (N1, ..., N™: A9),

where

(2) A%iy, yim) = max 0, dji; ¢,
j=1

for any (i1,...,im) € Nt x ... x N™.

Without loss of generality, from now on we will assume that the components of each of
these vectors dy, ...,d,, are arranged in a non-increasing order, that is, dj; > ... > djp; for
all 1 < 57 < m. We will also assume that Z;”Zl d;1 > 0 to avoid the trivial game. On the
other hand, we know that an arbitrary m-SAP (N!,...,N™: A) can always be assumed to
be square by introducing dummy agents, that is, agents such that any entry of the matrix
A related to them is 0. In particular, this can be done for any truncated additive m-SAP
(N1, ..., N™; A%) without disturbing its ’truncated additive’ nature just by adding dummy
agents of low enough productivity, for instance —oo. Hence, from now on we will assume
that dy,...,d,, € @g, where I@g = {(z1,..,xn) ER" : 2y > ... > z,} and R = RU {—00}.

Lastly, observe that different vectors d can give rise to the same matrix A%.

"We are aware that referring to d;; as the productivity of agent j; might not be meaningful when it is
negative. We allow negative productivities in order to incorporate costs, like in the Béhm-Bawerk two-sided

market.



On the other hand, m-sided markets with homogeneous goods can be represented by
truncated additive m-SAGs. Indeed, the market described in the introduction depends only
upon A(i,j, k) = max {0, —cf — cg-‘ + wk}, for any firm ¢ producing a unit of S, any firm j
producing a unit of H and any buyer k. To better illustrate the above definition consider the

following example, which will be used later.

Example 2 Consider a 3-sided market with homogeneous goods where there are two firms
for each of the two different types (of firms) with unitary costs of ¢! = (1,8) and c® = (1,3)
respectively and two buyers with a vector of willingness-to-pay w = (7,5). The truncated
3-SAP generated by d = (—1,—8; —1,—3;7,5) gives rise to the following matriz A?, where

the optimal matching is marked in bold,

do1 = —1 dpp=—-3 do1 = —1 dpp =3
dip =—-1 5 3 3 1
dip = -8 0 0 0 0
d31 =7 d32 =5

Furthermore, other economic situations can be modeled by truncated additive m-SAPs.
Indeed, consider a type of indivisible product that has to be sold after some compulsory steps
along a (handcrafted) value chain. In every stage, there are agents that receive at most one
product, add their own value through an specific procedure and give it to the next stage.
Then, the final value of one product, A(iy,...,%n), is the sum of its initial value, dy;,, and
what is added to it along the chosen m — 1 steps of the value chain, dj;; for all j =2,...,m,
whenever the sum of added values to the initial value is positive. When it is not, we assume
that the final value is 0, that is, no object is produced.

For any arbitrary truncated additive m-SAP (N1, ..., N™; A%) we denote

(3) r = max {z LAY, i) > 0}.

1<i<n



For instance, in Example 2 we have that » = 1. Due to the ’truncated additive’ nature of
matrix A4, the ’diagonal matching’ {(l,...,]) : 1 <1< n} is optimal. Moreover, a matching
pw€ M(NY, ..., N™) that assigns all agents with index not larger than r among them is also
optimal. Hence, r represents the number of essential coalitions of an optimal matching that
contribute with a positive worth to the worth of the grand coalition, w 44(N).

Now we study the structure of the core of a truncated additive m-SAG and show that it
can be expressed as a polyhedron of R™~!. Let (N,w 4a) be a truncated additive m-SAG. By
core conditions -see (1)- a vector z € R™™ belongs to C'(w 44 ) if and only if it has nonnegative

components, for any (i1, ...,%m,) € {1,...,r}™

m

(4) > @i =) iy,
j=1 j=1

for any (i1, ...,0m) ¢ {1,...,r}™

(5) Zl’jij > max O,Zdﬂj 5
j=1 j=1
andifr+1<i<n,1<j<m

First notice that (4) is a compatible linear system (d is a solution) of 7" linear equations
on the r - m variables z11, ..., Z1s, ..o, T;1, ---, Tmy. In the Appendix it is shown that in such
system there are m — 1 degrees of freedom (in Section 6 it is shown that, when truncated
m-SAGs are interpreted as assignment markets with m — 1 homogeneous goods, each of
the m — 1 degrees of freedom is related to the price of a different good). In particular, we
can recover any vector x € C(w4a) from the first component of the first m — 1 types, i.e
T11, 21, s T(m—1)1- Further, from (4) it can be easily deduced that the other components

are obtained using the following formulae:

(7) zj; = xj1 + (dji —dj1), for 1<j<m-—1,1<i<r,



m—1 m—1

(8) Tmi = dmi + Z dj1 — Z zj1, for 1<i4i<r,
j=1 j=1
9) zj; =0, for 1<j<m,r+1<i<n.

In particular, observe that the difference between nonzero core payoffs of two agents of
the same type is exactly the difference between their productivities. We define the projection

of C(w4a) onto the space of payoff vectors of agents 1-1, ..., (m — 1)-1 as

Cm_l(wAd) = {(1’11, ...,x(m_l)l) S R™L (1’117...,1'1”; <3 Tml, ,xmn) S C(wAd)} .

Using formulae (7), (8) and (9) it is easy to prove that there is a one-to-one correspondence
between C),_1(w4a) and C(wya). Therefore, we can describe Cp,—1(wa) as an specific

polyhedron in R™~!. Indeed,

Theorem 3 Let (N, ..., N™; A%) be a truncated additive m-SAP. Then (N,w 4a) is totally
balanced and the (nonempty) projection of its core, Cp,_1(w4a), is the polyhedron in R™~!

on the variables 11, ..., T(m_1)1 defined by the following constraints:

(10) Zj1 > djl - djra for j = 1, ey M — 1,

m—1 m—1
(11) Z Tj1 < dmr + Z djb
j=1 j=1

m—1 m—1

(12) T > dgrery + Y dji,
j=1 j=1
(13) Tj1 < djl - dj(r+1)7 fOT j = 1, ey T — 1,

where (12) and (13) do not apply if r = n, being r defined in (3).

Proof. First notice that function A(,...,-) is supermodular over the lattice defined by the

componentwise order on N x ... x N™, i.e.

A(il, ey im) + A(ll, ey lm) < A(min{il, ll}, ceey min{im, lm})

+A(max{i1, 1}, ..., max{im, lm }).



Then, total balancedness of (N,w 44) holds by Sherstyuk (1999).

Second, let P(d) be the polyhedron of R™~! defined by (10) and (11) (and (12) and (13)
whenever r < n). We show that C,_1(w4a) = P(d).

On one hand we prove Cp,_1(w44) 2 P(d). Take T € P(d) and let x € R™ be the vector
obtained applying (7), (8) and (9) to Z. We want to show that = has nonnegative components
and satisfies (4), (5) and (6).

Next observe that nonnegativeness conditions hold from (7), (8), (10) and (11). Indeed,
xj = xj1 + (dji —djn) > xj1+ (djr —dj1) > 0foralll <i<r,1<j<m-—1and
xm,—dm,—FZm 1al ZJ 1:v]1>almr+zm 1d Z;n:_lla:ﬂzOforalllgigrby
(11). Additionally (6) trivially holds by (9).

Next, for any (i1, ...,4m) € {1,...,7} X ... x {1,...,7} we have by (7) and (8)

Z;’EM Z$J1+Z ji; — d mzm‘i'zdyl_zxﬂ—zdﬂ]
j=
Then (4) is satisfied. If r = n we are done. If not, i.e. r < n, we need to prove that (5)

holds. Suppose (i1, ...,0m) & {1,...,7}™. We must distinguish two cases.

o Case 1: 1 <14, <r.

m m—1
Ziﬂjz‘j = Z Tji; + Tmi, = by (7),(8),(9))
j=1 j=1
m—1 m—1 m—1
= (le + djij — djl) + dpmi,, + Z dj1 — Z Zj1
J=Li;<r j=1 j=1
m—1 m m—1
= — T+ Z djij + Z dj = (by  (13))
j=1,i;>r Jj=1,i;<r J=Lii>r
m—1 m m—1
> (i - > digt Y dp
Jj=1;>r Jj=1i;<r Jj=Lli;>r
m m—1 m
= D dit D diga 2 Z i
Jj=1;<r J=Li;>r Jj=1

where the last inequality holds since dji; < dj(,4.1) whenever i; > r, and therefore (5)

holds.

10



o Case 2: r+1<i, <n.

m m—1
ijij = Z Tji; + Tmi,, = by (7),(9))
=1 j=1
m—1 m—1
= v, = Y (wp +dji; — dp)
j=1,i;<r j=1,i;<r
m—1 m—1 m—1
— T + (dji; —din) — > wjn=(by (12),(13))
j=1 j=L1,i;<r j=Lli;>r
m—1 m—1 m—1
> dpert1) t+ Z dj1 + Z (dﬂy djl) + (dj(r’+1) —d; )
Jj=1 J=Li<r J=Lig>r
m—1 m—1 m
= dm(r-i—l) + dﬂg + Z dJ(T-H) 2 Zdﬁﬂ
j=1,i;<r Jj=Lli;>r 7j=1

where the last inequality holds since dj;; < dj(,+1) whenever i; > r. Again (5) holds.

On the other hand we prove Cp,—1(wa) € P(d). Take T € Cpy—1(wa) and let z € R}™
be the corresponding core allocation obtained by (7), (8) and (9). First, by nonnegativeness
of zj, for all 1 < j < m—1 and using (7), we obtain (10). Second, by nonnegativeness of @y,
and using (8), we obtain (11). If » = n we are done. If not, i.e. r < n, applying (6) and (5) to
S ={1-1,...,(m —1)-1,m- (r + 1)} and taking (9) into account we obtain x(S) = Z;”:_ll xj1+

Ton(r41) = Z;”:_ll z;1+0 > max (0, dp(r41) + Z;ﬂz_ll dﬂ) and then (12) holds. Finally, for all

1 <j <m—1, by applying (6) and (5) to S = {1-1,....,(j — 1)-1,j-(r +1),(j + 1)-1,...,m-1}

we obtain
m m m
et Y ma = sz ma 0+ Y da
k=1,k#j k=1,k#j ko1 ket
m
> djt1) + Z di1
k=1k#j

m
djry1) + Z zk1 + 1 — djr.
k=1,k#j

Lastly, substracting the common terms to both sides of the above inequality and using (9)
we obtain that (13) holds, taking into account that Y ;" xp1 = Y peq dp1. M
It is important to point out that equations (10) and (11) (resp. (12) and (13)) are in

fact of the same nature although they appear not to be due to the election of the specific

11



projection space Cp,_1(w 44).2
Next we take a look again at Example 2. Recall that the parameter defined in (3) is r = 1,
whereas d = (—1,—-8;—1,—3;7,5). From Proposition 3, the core C(w 4a) of the game can be

represented by its projection onto the space Cy(w 4a), which is the set of pairs (x11, 221) such

that
0 = dip—dn <1 <dip —di2 =T,
0 = dog —do < w1 <dog —dao =2,
3 = d3+di+do <x1+ w91 <dsy +digp +dog = 5.

In Figure 1, the projection of the core, Co(w 44), is the polygon defined by vertices (1,2),

(3,0), (3,2) and (5,0).

T21

T11 + X291 =5

11 + T2 =3

T11

(0,0) (3,0) (5,0)

Figure 1: The projected core of the truncated additive m-SAG of Example 2.

’In the case of two-sided assignment games the core is usually represented by its projection onto the
agents of one sector (either buyers or sellers). This representation is not useful when there are more than two
sectors since, unlike the two-sectors case, once fixed the payment to one agent, the payments to other agents
of different types that are assigned together to that agent are not completely determined. However, in the

specific case of truncated additive m-SAGs, there is still a ’good’ representation, namely Ch—1(w 4a).

12



4 Extreme core points

This section is devoted to characterize the extreme core points of an arbitrary truncated
additive multi-sided assignment game. We show that the extreme core points of such games
are some specific vectors introduced by Sherstyuk (1999) that generalize to some extent the
idea of buyers-optimal and sellers-optimal core allocations from the two-sided case to the
general multi-sided case. Additionally, we provide expressions to calculate such vectors and
we show that they are marginal worth vectors, generalizing therefore a property that holds
for all two-sided assignment games (Hamers et al., 2002). Furthermore, we show that this
property fails to hold in the class of arbitrary m-SAGs.

Given the set of types of agents J = {1,...,m}, let TI/ denote the set of orderings of .J,
i.e. the set of bijective maps from .J to J. We denote by (7(1),...,m(m)) an ordering 7 € I17
and we say that type j appears in the k-th position if 7(k) = j. Then, given a general square
m-SAP (N',...,N™: A), we associate a vector 2™ of R to any m € II/. Without loss of
generality, suppose that the 'diagonal’ assignment is optimal and let 7 = (1,2,...,m). We
consider the allocation z™ in which all agents of the first type get their marginal contribution,
WA(N) — wa(N\{1-i}), whereas any agent of the second type gets their 'second’ marginal
contribution, w4 (N\{1-i}) — wa(N\{1-i,2-i}), that is, her marginal contribution provided
that the agent of the first type with her same index (that is assigned to her in the diagonal
matching) has left the game. And so on and so forth. Obviously, this can be done for any
arbitrary m and any arbitrary matching?.

In particular, when there are two sectors, i.e. m = 2, the set of sectors (types) J = {1,2}
can only be ordered in two different ways and the above procedure delivers only two vectors:
on one hand, 2™ (w4) € R?" defined by 27, = wa(N) — wa(N\{1-i}) and 275, = wa(N\{1-
i}) —wa(N\{1-i,2-i}) for all 1 < i < n, and, on the other hand, z™ (w4) € R?" defined by

23 = wa(N) —wa(N\{2-i}) and 2T, = wa(N\{2-i}) — wa(N\{2-4,1-i}) for all 1 < i < n.

Recall that, by relabeling agents for convenience, any optimal matching of an arbitrary m-SAG can always

be placed in the diagonal.

13



Furthermore, it turns out that z™ and z™ are the buyers-optimal and the sellers-optimal

vectors of any two-sided assignment game (see for instance Nuifiez and Rafels, 2002).

Definition 4 Given an arbitrary square m-SAP (N',...,N™: A) and = € 117, the sector-

marginal vector ™ (w4) € R™ is defined by
xi(k)i(wA) =wA(N\{r(1)-t,...;m(k — 1)-i}) — wa(N\{7(1)-i, ..., w(k — 1)-i,7(k)-i})

for all 1 < i < n and for all 1 < k < m, provided that {(I,...,1) : 1 < 1 < n} €

MY (NY ., N™).

Later we will show that, although the above definition of sector-marginal vectors apparently
depends on the optimal matching chosen -that is placed in the diagonal- when (N1, ..., N™; A)
is truncated additive it actually does not. On the other hand, when no confusion arises we
use z™ instead of 2™ (w4).

We can give another interpretation of sector-marginal vectors. To this end, let us first
introduce the definition of marginal worth vectors for arbitrary games. Given a game (N, v),
an ordering # of N is a bijection from {1, ...,|N|} to N, and let ©(N) be the set of all orderings
of N. Then the marginal worth vector mf(v) € R™ associated with 6 is defined (see Shapley,
1971) by m¢ = v({j : 0(j) < 0(i)}) —v({j : 0(j) < 0(7)}), for all 1 < i < n. Now observe
that, given some sector-marginal vector x™, if we fix 4, 1 <17 < n then agents 1-i, 2-1, ..., m-i
are paid as if they were in the first positions of some marginal worth vector (a different
one for each i) associated to some ordering of (all) agents (w(1)-i,7(2)-,...., m(m)-i,....). In
particular, their payoffs add up altogether to the marginal contribution of these agents taken
as a whole, >0, 27, = wa(N) —wa(N\{1-i,2-i...,m-i}) = A(G, ..., 1) . The last equality holds
because we assume that (i, ...,7) belongs to an optimal matching.

From now on, given a truncated additive m-SAP (N',..., N™; A%) with r = n, we will
introduce for any type an additional dummy agent with —oo productivity such that the 'new
matrix’ A¢ restricted to non-dummy agents does not change. Since dummy agents always

get a zero payoff in the core, this assumption can be made without loss of generality.
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We now turn to characterizing the set of extreme points of the core of a truncated additive
m-SAG. Before doing so, for any truncated additive m-SAP (N, ..., N™; A%), let ¢(q) =
max{O, Soroi i) + Db dkr}, for ¢ = 0,1,...,m. Observe that, because of the way
d is constructed, ¢ is a non-increasing function, whereas from (3) and the assumptions just
made, we have that ¢(0) > 0 and ¢(m) < 0. It is important to point out that the definition
of ¢ is implicitely associated to the nmatural’ ordering of types m = (1,...,m). Therefore, we
could define ¢™ for all = € TI/. However, in the proofs of this section we will only need ¢™
when 7 = (1, ...,m), written simply ¢.

Next we provide expressions to calculate sector-marginal vectors for truncated additive

m-SAGs.

Proposition 5 Let (N,w44) be a truncated additive m-SAG and © € T17. Then, for all

sector j, 1 <j<m,
i (Wad) = dryi = ey + 67 = 1) = 97(), if 1<i<r
and IIJ‘Z(]-)Z-(WAd) =0ifr+1<i<n.

Proof.  Assume without loss of generality that 7 = (1,2,...,m). To compute the worth
w 44(S) for an arbitrary coalition of agents S C N it is enough to split S in as many essential
coalitions as possible such that each of the best’ agents of all types in S are matched together,
each of the ’second best’ agents of all types in S are matched together, and so on and so
forth, until an essential coalition with the remaining agents cannot be formed. If we add the
worth of all these essential coalitions, we obtain w44(S). On the other hand, observe that
forall 1 <j <m, wqa(N\{1-¢, ..., (j — 1)-i}) — wqa(N\{1-, ..., (j — 1)-4,j-i}) is a difference

between two similar terms. Then, we next focus on a generic one of such terms. Indeed, if
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1 <+ < r, observe that for any k£,0 < k < m,

wa(N\{1-1, ..., k-i})

i—1 m r—1
= Z max O;qul —I—Z max O qu(H_l + Z dql
=1 g=1 =i q=k+1
k m
+ max < 0, Z dg(r+1) + Z dgr
q=1 q=k+1
i—1 m r—1 k
= Zqul—i—ZquH_l +Z Z dql“_qS
=1 ¢q=1 =i g=1 l=i g=k+1
r—1 m k
= qul—i-qur-i- Z dqz"“l5
I=1,I#i ¢=1 g=1 q=k+1

where the penultimate equality holds from the way d is arranged and from (3). Then, applying

the above expression to K = j — 1 and k = j we obtain

af; = waa(N\{1-4, .. ,(j—l)-i})—wAd(N\{l-i (G — )i, j-i})

r=1 m m
= qul+qur+quz+¢3_1
I=1,l#1 q=1
r—1 m J m
| D Dodat Y det Y de+o0)

I=1,l#i q=1 q=1 q=j+1

1
= d]r qb] ) ()

A similar argument proves that if » +1 < i < n then z7,

i :wAd(N)—wAd(N) = 0, fOI‘

any 1<j5<m.

Next we show that, for truncated additive m-SAGs, sector-marginal vectors are core
allocations. Although this fact can be deduced from Sherstyuk (1999), an easier argument
can be provided for the case of truncated additive m-SAGs. Moreover, such argument gives
more insight of sector-marginal vectors. Indeed, let (N, ..., N™; Ad) be a truncated additive
m-SAP and assume without loss of generality that 7 = (1,2,...,m). On one hand, it is
straightforward to check that 27, > 0 for any agent j-i. On the other hand, we claim that, if

r < i< m, then

(14) dji — djr +¢(j — 1) — ¢(j) <0
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for any 1 < j < m. Indeed, depending on whether ¢(j — 1) and ¢(j) are positive or not
we can distinguish three different cases (recall that ¢ is non-increasing). Consider the case
where ¢(j — 1) > 0 and ¢(j) = 0. In such case, (14) reduces to ¢(j — 1) < dj, — dj;, which is
equivalent to Zi;ll di(ry1) + dji + 35241 der < 0. Lastly observe that, because of the way d
is ordered, Eiz di(ry1) T dji + D282 11 dker < ¢(j) = 0. The other two cases can be similarly

proved and are left to the reader. Hence, for any (iy, ..., i) € N' x ... x N™,

Zl’;rzj = Z T, = Z (dji; — djr + ¢(j — 1) — 6(5))
=1 j=1, 1<i;<r =1
= D dii; = > dir +6(0) = (m) = D _ di,
=1 =1 j=1

where the inequality holds as equality if (i1, ...,%m) € {1,...r}"™. Thus 2™ (w 4a) satisfies (7),
(8), (9) and therefore it belongs to C(w4a4). Since the claim has been proved without loss
of generality using the natural order, what we have shown is that, for truncated additive
m-SAGs, any sector-marginal vector belongs to the core. Furthermore, we next show that,
for truncated additive m-SAGs, any sector-marginal vector is a extreme point of the core and

conversely.

Theorem 6 Let (N,w4a) be a truncated additive m-SAG. Then, the set of extreme core

points of (N,w 4a) coincides with the set of sector-marginal vectors, i.e.

Ext(C(waa)) = {z" (wad) brens-

Proof. We prove the two inclusions.

o Ext(C(wa)) € {a" (waa)}ren-

It is easy to check that the extreme points of C(w 4a4) can be mapped one-to-one to the
extreme points of Cy,—1(w 4a) through (7), (8) and (9). Hence, we only have to find the
extreme points of the polyhedron defined in Theorem 3. Let MTx > b be the set of

non-trivial? inequalities obtained from (10), (11), (12) and (13) that define C,—1(w 4a).

“Observe that, if d,,(,11) = —00, (12) always holds. The same can be said about (13) for all 1 < j < m—1.
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For each x € Cpy—1(w4a), let tight(x) be the set of columns {Me;| 27 Me; = b;} of M
that are tight at x. We know® that # € Cy,_1(wa) is an extreme point if and only if

tight(z) is a complete system of R™~1,

On the other hand notice that for any type j, 1 < j < m — 1, constraints (10) and (13)
cannot hold simultaneously as equality unless d;(, 1) = d;r. However in this case both

inequalities are in fact the same. For (12) and (11) the same is true.

Now, with some abuse of notation, let x = (211, ..., x(m_l)l) denote the extreme point of
Cim—1(w 44) that corresponds to the extreme point & = (211, ..., T1p; -3 Timly ey Tmn) €
C(w4a). Then, m—1 linearly independent inequalities of (10), (11), (12) and (13) must

be tight at x . We distinguish two cases.

Case 1. Fither (10), for some 1 < j <m —1, or (11) are tight at x.

Recall that the difference between inequalities (10) and (11) comes only from the
specific projection chosen to obtain Ci,—1(w 4a4). Indeed, using (8) we have that
(11) is equivalent to X1 > dii — dimyr. Then, as we can relabel the different
types of agents at our best convenience, we suppose without loss of generality that
(11) is tight at x. To form a complete system of R™~! we still need m — 2 tight
linearly independent equations from either (10) or (13). Thus, we can assume
that there is h* € {1,...,m — 1} such that (13) for j € {1,...,h* — 1} and (10) for

je{h*+1,..,m— 1} are tight at z, i.e.

(15) Tj1 = djl — dj(r+1) for je€ {1, ey B — 1}
and
(16) Tj1 = djl — djT for je€ {h* +1,...,m — 1}.

In particular, dj(,41) must be finite for 1 < j <h* — 1.

®See for instance Theorem 11.1 in Tijs (2003).
SObserve that the case where neither (12) nor (13) hold as equality is considered.
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On the other hand, since also (11) is tight at x,

m—1 m—1
Tpe = dpr+ Z djl - Z Tj1

Jj=1 J=1,j#h*
m—1 h*—1 m—1

= dpr + Z dj1 — Z (dj1 — dj(r41)) — Z (dj1 — djr)
=1 =1 j=h*+1
h*—1 m

= dpit Y digryt Y dir
j=1 j=h*+1

Observe that the above expression of xp+; can be rearranged either to
(17) Tpe1 = dp1 — dper + S(R" — 1)

or, whenever dj«(,11) > —00, to

(18) Th1 = dpe1 — dperg1) + A(RT).

Being x € Cp—1(w4a), Tp+1 must satisfy (10), that is zp+; > dp+1 — dp=p, which
implies ¢(h* — 1) > 0. Moreover, again since © € Cy,—1(w44), Tp+1 must satisfy
(13), i.e. zp+1 < dp+1—dp=(r41), Which, at its turn, implies that, regardless d,«(,1)
is finite or not, ¢(h*) = 0. Moreover, since ¢ is non-increasing, we obtain that
#(q) > 0for 0 < g <h*—1and ¢(q) =0, for h* < g <m.

Let now t* € {0,..., h* — 1} be the unique integer such that ¢(¢) > 0 for 0 < g < t*
and ¢(q) = 0 for t* +1 < ¢ < m. That is, t* is the largest value such that ¢(¢*) is

positive. Then, if 7 = (1,...,m), applying Proposition 5 we obtain that

(19) $_7jr1 = dj — dj(r—i—l) for 1<5< t*,
(20) Tl 11 = Aee41)1 — dge 1) + (),
(21) 33?1 = djl — dj for t*4+2< 7 < m.
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To compare vectors x and z™, since both of them belong to C(w 44), it is enough
to compare the payoff to agent of index 1 for the first m — 1 types -applying (7),
(8) and (9) to obtain the payoffs to the remaining agents-.

Next, we show that z;; = x}rl for all 1 < 7 < m — 1. On one hand, since
z™ € C(waa), by (13) and (19), we have that 27, < dj1 — dj41) = zj1 for
1 < j < h*—1. On the other hand, let us prove that :E}rl =z for h* <j<m—1
We distinguish two cases depending on ¢t* € {0,...,h* —1}. If t* = h* — 1, by
(20) and (17), we know that z7., = dp+1 — dp=r + ¢(R* — 1) = xp+;. Moreover,
in this case, by (21) and (16), we also have that 27, = dj1 — d;j; = z;1 for all
h*+1 < j <m—1. Lastly, if t* < h* — 1, again by (21) and (16), we obtain
directly that 27 = x;; for all h* < j <m — 1.

Since we have proved that xj; < :E}rl forall 1 <j<h*—1and zj = x;-rl for all

h*<j<m-—1and z, 2™ € C(wya), then x = 2™, finishing the proof of Case 1.
Case 2. The m — 1 inequalities that are tight at z are among (12) and (13) for all
1<j<m-—1.

As we can relabel the different types of agents for convenience, we can assume
without loss of generality that, for all 1 < j < m — 1, inequalities (13) are tight at
x. In particular, d;( 1) must be finite for 1 < j <m — 1. Since 2™ € C(w4a), by
(13) and (16), we have that z7; < dj1 —dj(,41) = zj1 for 1 < j < m — 1. Moreover,

since also x € C(w 4a), like in the above case, we obtain z = z™.

o Ext(Clwys)) 2 {27 (w,0) }nent

Without loss of generality suppose that 7 = (1,...,m). Recall that 2™ (w4a) belongs

to the core. From Definition 4 we know that z7; = wqa(N) — wqa(N\{1-i}) for all
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1 < i < n. Therefore, for all 1 <1 < n,
™ (N\{1-i}) = 2™(N)—azj;

= W) = (@aa (V) = 0 a(N\{1-})) = wa (N\{1-3}).

Next, again from Definition 4 we know that 27, = w4a(N\{1-i}) — wa(N\{1-7,2-i})

for all 1 <4 <n. Therefore for all 1 <3 <n.
" (N\{1-,2-i}) = a™(N)—af; — 5
= wypa(N) — (Waa(N) — wya(N\{1-i}) —

(Waa(N\{1-1}) — w 4a(N\{1-i, 2-i}))

= waa(N\{1-i,2-}).

And so on and so forth. In short, within the set of inequalities that define the core
C'(w4d), we have found n x m linearly independent inequalities that hold as equality.

Therefore ™ (w 44) must be an extreme core point.

Notice that, as we had already stated, for truncated additive m-SAGs, the set of sector-
marginal vectors, {27 (w4d)}rems, does not depend on the optimal matching chosen, since
neither the set of extreme point of the core, Ext {C(w44)}, nor the proof of Theorem 6 do.

To illustrate the above result consider the 3-SAP introduced in Example 2. The set

Ext(C(w4a)) is obtained from the initial six possible sector marginal worth vectors.

’ 2" € C(wyd) | T € Co(wya)
(1,2,3) | (5,0;0,0;0,0) (5;0)
(1,3,2) | (5,0;0,0:0,0) (5;0)
(2,1,3) | (3,0;2;0;0,0) (3;2)
(2,3,1) | (1,0:2,0;2,0) (1;2)
(3,1,2) | (3,0;0,0;2,0) (3;0)
(3,2,1) | (1,0;2,0;2,0) (1;2)
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Observe that z(123) = 2(132) That is, sector-marginal vectors might coincide for
different orderings. Also notice that the number m! is an upper bound for the number
of extreme points of the core of any truncated additive m-SAG. However, for m-SAGs that
are not truncated additive Theorem 6 fails to hold”.

Hamers et al. (2002) prove that the classical assignment games satisfy the CoMa-property.
This property says that any extreme core allocation is a marginal worth vector. However,
that result does not extend to arbitrary multi-sided assignment games (even if they are
supermodular). Indeed, consider the (supermodular) 3-SAP (N!, N2, N3; A) given by the

following matrix, where the optimal matching is marked in bold:

3 1 0 0
A=
0 1 0 2
It can be checked that x = (1,1;2,0;0,1) € Ext {C(w4)} and that the marginal contributions
of agents 1-1, 1-2, 2-1, 2-2, 3-1 and 3-2 are respectively 3, 2, 3, 2, 3 and 2. Then, observe
that no agent attains her marginal contribution in z. In particular, x cannot be a marginal
worth vector.

Next, using Theorem 6, we prove that any truncated additive m-SAG does satisfy the

CoMa-property.
Theorem 7 Let (N,w 4a) be a truncated additive m-SAG. Then it satisfies the CoMa-property.

Proof. The proof consists on associating to each order of types (of agents) m € II7 an
ordering of agents ™ € ©(N) such that 2™ and m?" coincide. Without loss of generality
suppose ™ = (1,2,...,m). Then let 6™ be the ordering that is both decreasing in indices (of

agents) and also decreasing in types, i.e.

0" = (m-n,...,1-n, ... ym-(r+1), .., 1-(r+1),mr, .., 1-r .. .. ,m-1,...,1-1).

"The supermodular and monotonic assignment game where A is defined by A(1,1) = 8, A(2,1) = 2,
A(1,2) = 3 and A(2,2) = 2 can be taken as a counterexample. It can be checked that the core of such game
has dimension 2 and four extreme points, and therefore {z™ (wa)}ren & Ext(C(wa)). See Sherstyuk (1999)

for a formal definition of monotonic m-SAGs.
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Recall that, for any nonemtpy coalition S of agents, w 44(S) is obtained by partioning S in
'ranking-ordered’ essential coalitions.
Next we calculate m . On one hand, suppose that 1 <4 < r. First suppose that j < m.

In such case, m?: =wga({k-1: 0(k-1) < 0(j-1)}) — waa({k-1 : O(k-1) > 0(j-i)}) is equal to

waa({m-n, ..., 1-n, ... om-i,.....(§j + 1) -3, j-i})

—wga({m-n,.....;l-n,...om-1,.....(j+ 1)-i})

r Jj—1 m
— Z max 0’ Z dq(l—i—l) —|— Z dql Z max 0 Z d l+1 + Z dql
l=i g=1 q=J q=j+1
r—1 [j—1 m r—1 m

J
= Z qu (1+1) + qul + ¢(] -1) - Z qu(l+1) + Z dg | — #(J)
q= q=J j

=i
= dji d]r+¢(j_1)_¢(j)7

where again the penultimate equality holds because of (3). Using Proposition 5 we obtain

m?? = zj; . for 1 <4 < r. The case j = m can be analogously proved and it is left to the

reader. On the other hand, suppose now that r + 1 < i < n. From (3) and the way d is
arranged,

mf; = waa({men, o lon, omei, o (G 1) -4 1))

—wga({m-n,....;1-n, ...om-i, ..., (j + 1) -i})

= 0-0=0.

Again, by Proposition 5 we obtain m? = a7, ; for r4+1 <14 < n. That is, we have proved that
{z™(w4d) }ren C {xg(wAd)}ge@(Nlu___UNm). Theorem 6 completes the proof. W

Finally, Demange (1982) and Leonard (1983) show that any agent of a classical assignment
game attains her marginal contribution in the core. Again, this result does not extend to

arbitrary multi-sided assignment games®. Now, consider the 3-SAP (observe that it is not

a truncated additive m-SAP!) given by the following matrix, where the optimal matching is

8Sherstyuk (1999) shows that if a supermodular m-SAP (N*',..., N™; A) is either monotonic or a valuation

then there is at least one core allocation such that all agents of one type get their marginal contribution.
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marked in bold:

1 0 0 0 0 0 0 2 0
(22) A=10 0 0 0 10 0 2 1 0
0 0 0 0 1 0 0 0 0

It can be checked that the marginal contribution of agent $-2 is 9 and by means of linear

programming the maximum payoff that agent 3-2 can get in the core is 7.

5 Dimension of the core

The dimension of the core of two-sided assignment games is an issue that has captured some
interest. For instance, Nuilez and Rafels (2008) characterize the dimension of the core of any
two-sided assignment game in terms of the number of equivalence classes of the transitive
closure of a reflexive and symmetric binary relationship defined on any of the two types of
agents. However, as far as we know, nothing is known yet about the dimension of the core of
an arbitrary multi-sided assignment game. This section is devoted to study the dimension of
the core of the truncated additive m-SAPs, which represents a benchmark from which obtain
more general results.

Before we prove the main result of the section, and for the sake of simplicity, we show that
the core of an truncated additive multi-sided assignment game can be bijected to a specific

region of R™.

Proposition 8 Let (N, ..., N™; A%) be a truncated additive m-SAP. Then, C(w 4a) can be
bijected to the region Cy,(w 4a) of R™ defined on the variables x11, ..., xm1 by the intersection
of the m-cube [[72,[dj1 — djr,dj1 — dj(r11)] with the hyperplane 7, wjn = D750, dj1, where

we assume that, for 1 < j <m, dj,41) = —00, if r =n.

Proof. From Proposition 3, it is enough to prove that there is a bijection between

Crn—1(wga) and Cpy(w 4a).
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On one hand, let 7,1 = (211, .., T(m—1)1) € Cm—1(w4a). Then let

Tml
m m—1
T = (Z115 s T(m—1)15 E dj1 — E zj1) €R
Jj=1 Jj=1

Obviously, there is a bijection between z,,—1 and z,,,. Then we claim that x,, € Cp,(w 44).

Indeed, from definition we have that Z;n:l Tj1 = Z;”:_ll d;1. Then, it only remains to check
that dm1 — dmr < Tt < dmt — dpy(r41).- However, using that zp, = Z;ﬂzl dj1 — Z;n:_ll zj1
the two later inequalities hold respectively from (11) and (12).
On the other hand, let z,, = (11, ..., Tm1) € Cp(w 4a). We claim that z,,,—1 = (211, ..., x(m_l)l) S
Ci—1(w44). Indeed, we only have to prove that (11) and (12) hold. From d;;,1 —dpyr < 1 <

dm1 — dym(r41) and Z;n:l zj1 = Z;”:_ll dj1 we have that

m—1 m—1
dm1 — dpyr < dip1 + Z djl - Z xj1 < dm1 — dm(r+1)7
j=1 j=1

which, rearranging terms, is equivalent to

m— m—1 m—1
Z Z Tj1 > dm(r—i—l + Z d]l
j=1 j=1 j=1

Hence, (11) and (12) hold. W

Next, we introduce two definitions.

Definition 9 Given a truncated additive m-SAP (N',...,N™; A%), we say that agent j-i is

active’ if dji > dj41), where, if r =n, we assume that d;,+1) = —o0 for all 1 < j < m.

Let A7 be the set of active agents of type j, for all 1 < j < m. Active agents are those

that, in any optimal matching, contribute to create a strictly positive worth.

Definition 10 Given a truncated additive m-SAP (N*,...,N™; A%), we say that type j is

degenerate if [N | < r. We denote by mq the number of degenerate types of a m-SAP.

°In Nuilez and Rafels (2005) an agent j-i is said to be active if i < r. Otherwise, the agent is inactive.
This definition assumes that ’ties’ between agents productivities are broken. However, if dj, = d;(41) agents

j-r and j-(r 4+ 1) should be interchangeable. Thus, in ours both these agents are said to be inactive.
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Observe that a type j is degenerate if and only if 7 < n and dj, = dj(;4+1). The following
corollary shows that such types of agents are important because agents belonging to them

always get a constant payoff in the core.

Corollary 11 Let (N',...,N™; A%) be a truncated additive m-SAP. Then, each agent of a
degenerate type j receives a constant payoff in the core. Moreover, if j-i is active her payoff

is dj; — djr. Otherwise, she receives 0.

Proof. Trivial from Proposition 8. W

That is, although r agents of each type contribute to generate a strictly positive profit, in
a degenerate type there are less than r agents that can appropriate of some of this positive
profit.

An hyperplane 7 : a121 + ... + agx, = b of R* separates the space R¥ into two half-spaces

Tt

D a1xy + ... +agzp > band 0 ayxy + ... + agxp < b. Then, we say that a point
2z = (21,...,2;) € RF is above (resp. below) the hyperplane  if it belongs to 7+ (resp. 7).
Lastly, if 2z belongs to 71 (resp. 7#~) but not to 7~ (resp. 7") then we say it is strictly above

(resp. below) .

Now we are in position to prove the main result regarding the dimension of the core.

Theorem 12 Let (N, ..., N™; A%) be a truncated additive m-SAP. Then, either C(w 4a) is

10

a point or it has dimension™® m —1 —mg. Moreover, the necessary and sufficient conditions

for C(w4a) to be a point are either "r <n and 375" djq1) =07 or "mg=m —1".

From Proposition 8, to find the dimension of C'(w4a) it is enough to study the region
C(w4a) of R™. Also observe that a degenerate type reduces the dimension of the m-cube
[T721[djn — djry dji — dj(r11)) in one unit. Let m: 300 @51 = 310, dji. Because of (3), is is
straightforward to check that the ’inferior’ vertex of the m-cube (di1 — dip, ... dm1 — dimy) 18

strictly below 7, whereas the 'superior’ vertex of the m-cube (d;; — di(r41)s - dm1 — dm(r—l—l))

OFollowing Rockafellar (1970), recall that the dimension of the core as a convex polytope is the dimension

of the minimal affine variety in which it is contained.
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is above . On one hand, if r < n and mg < m — 1 the ’superior’ vertex is below 7 if and only
if Z;n:l djr+1) = 0. In such case, the only point of Cy,(w4a) is the ’superior’ vertex itself.
Furthermore, when this last condition does not hold, the (nonempty) intersection of 7w with
the m-cube is a space with dimension equal to the dimension of the m-cube minus 1. Lastly,
from Z;n:l xj = Z;”:_ll dj1 we know that if mq = m — 1, i.e. if m — 1 variables are constant
in Cy,(w 44), the remaining variable is also constant in Cy,(w 44) and therefore the core must
reduce to one point.

Notice that when mg = m—1 the core C'(w4) reduces to a point although 37 | d; 0

(r+1)
needs not hold. To a better understanding the reader may find the core of the truncated

additive 3-SAP generated from d = (1,0;1,1,1;1,1, 1) and check that it reduces to (3,2;0,0,0;0,0,0).

Corollary 13 Let (N',...,N™; A%) be a truncated additive m-SAP. Then, C(w 4a) has at

most dimension m — 1.

Proof. Trivial from Theorem 12. Once m fixed, the highest dimensional core is obtained
by considering a truncated additive m-SAP with no degenerate types. B

In particular, we obtain that the core of a 2-sided Bohm-Bawerk horse market is a segment.

Corollary 14 For any 0 < k < m — 1 there is a truncated additive m-SAP (N', ..., N™; A?%)

such that dim(C(w 4a4)) = k.

Proof. Observe that for any given number of types m, by considering a suitable number of
degenerate types we can find truncated additive m-SAPs such that the dimension of its core

ranges from O tom — 1. W

6 Competitive prices of multi-sided assignment markets

In this final section, since it is costless to our purpose, we consider arbitrary assignment
markets, in which goods may not be homogeneous. The only difference with respect to

the case of homogeneous goods is that the willingness-to-pay of any buyer may depend on
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who she buys the objects from, i.e. we must use w'™ (instead of just w'm) to refer

i1eeim—1
to the willingness-to-pay of the i,,-th buyer for the (m — 1)-tuple of goods (i1, ...,im—1) €
N' x ... x N™ 1, Then, an arbitrary assignment market is denoted by AM (cy, ..., Cm_1;w),
where w € M, «xk(Ry), &k = ny - ... - ny—1 is the matrix of willingness-to-pay of buyers
and, for all 1 < j < m — 1, ¢; € R is the vector of unitary costs of firms of type
j. We can associate to any m-sided market AM (cy,...,cpm_1;w) a m-SAP (N1, ..., N™; A),
where N1, ..., N™1 are the sets of firms of different sectors, N is the set of buyers and
A1y ey im) = maX{O,w;'ff”imil - Z;"’:_ll cjij}, for all (i, ...,5m) € N' x ... x N™. Without
loss of generality, we will assume that there is the same number of buyers and firms of each
sector.

In general multi-sided assignment markets, prices are the relevant variables, together
with the quantity (0 or 1) of units of a good sold by each firm. Roth and Sotomayor
(1990) introduce the notion of competitive prices and show that, for any two-sided assignment
market, such prices can always be obtained from core allocations. A price that is obtained
from a core allocation -in a way that will be shown below- will be called a core price. We will
prove that, in fact, for arbitrary m-sided assignment markets (i.e. either with homogeneous
goods or not), the set of competitive prices coincides with the set of core prices.

Formally, given an arbitrary m-sided assignment market AM (cy,...,Cp—1;w) and its
associated m-SAP (N1!,...,N™; A), for each x € C(wa) C R™ we define a unique vector

of prices (one price for each firm) p* = (p{,....,p5,_;) € }R:L_(m_l)

by pj; = xji + ¢ji, for
1<j<m-—1and1l<i<mn. Wesay that P(c1,...,c;p—1;w) = {p* : © € C(wa)} is the set

of core prices of AM(cq,...,cm—1;w).

On the other hand, we follow Roth and Sotomayor (1990) and define the demand set of

28



. . -1
the i-th buyer at prices p = (p1, ..., Pm—1) € Ri(m ) byt

Di(p) = argmax(;, . i, 1)eNlx..xNm—1 11 A Z Dji; > 0

. n(m—1)
We say that a price vector p € R n

is competitive if 1) pj; > ¢j; for 1 < j < m —1 and
1 <4 < n, and there is a matching'? p = {(1(3), ..., pty,_1(1),7) : 1 <3 < n} € M(N,...,N™)
such that 2) if Di(p) # @ then (p;(2), .., iy, 1 (4)) € Di(p) and 3) if D;(p) = @ then pjy, (i) =
Ciu, (i) for all 1 < j < m — 1. Any matching p satisfying 2) and 3) is said to be compatible

with p. We next prove that competitive prices are core prices, and vice versa.

Theorem 15 Let AM(cq,...,Cm—1;w) be an arbitrary m-sided assignment market. Then,

the set of core prices coincides with the set of competitive prices.

Proof. Let (N',...,N™; A) be the m-SAP associated to AM (cy, ..., ¢;p_1;w). First we prove
that if p € R*™~1 i a competitive price then it is a core price, that is, p = p* for some
x € C(wy). Indeed, suppose, without loss of generality, that u = {(l,...,1) : 1 <l <n}isa
compatible matching with p. Then define P € R™™ by x?i = pji — ¢ji, forall 1 < j <m —1,
and 2 = w! , — Z;”:_ll pji if Di(p) # @ and =¥ . = 0 otherwise, for all 1 <4 < n. Since p

is competitive, and by the definition of the demand set, P > 0. Furthermore, we have that,
for all (i1,...,4m_1) € N' x ... x N1,
m—1 m—1
o 2 = > (pii; — ciiy) +

Jtj
J=1 J=1

m—1
21 Am—1 § :pﬂj = Z1 Am—1 2 :Cjij’
Jj=1

which, by nonnegativeness of zP, implies that Z;n 11 :E?Z +ab > A(i1,...,im—1,1), where the

inequality is tight if (i1,...,%m-1,1) = (¢,...,4,4). Hence, 2P(N) > Z(il,...,z’m)eu’A(ilamvim)

for any p/ € M(N', ..., N™) and, therefore, zP(N) > w4 (N). Lastly, since p is competitive

m—1

"¥ormally, D;(p) corresponds to those (i1, ...,4m—1) € N* x ... x N™~! maximizing w7’€1~~~im—1 — ijl Diis s

whenever this last expression is positive. Otherwise, D;(p) will be the empty set.

12We follow Quint’s (1991) notation, #; (1) being the agent of type j that is assigned together with agent

m~i under u, for all 1 < j <m —1.
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we have that, if D;(p) = &, then x =pji —c¢j; =0, for all 1 < j <m — 1. Hence,

Z b, Z A i) <wa(N).
D; (p)sé@ Dz(p)sﬁ@

In conclusion, 2P € C(w4) and p is a core price, since we trivially have that p* = p.

Second, we prove that if p” is a core price, i.e. pj; = ¢ji +zj foralll < j <m—1
and 1 < i < n, where x € C(w4), then it is a competitive price. Indeed, suppose without
loss of generality that u = {(l,...,]) : 1 <1 <mn} is an optimal matching and that there is
s € {1,...,n} such that A(i,....,i) > 0 for 1 < i < s and A(4,...,i) = 0 otherwise!?. Since
x € C(wa), we have that p, — ¢ = x > 0. Next we prove that p is a compatible matching

with p®. Indeed, if 1 <i < s we have that, for all (i, ...,3m,_1) € N' x ... x N™~1

m—1 m—1
E _ ] § Lo § Lo . .
7/1 Am—1 p]Zj - wil---imfl - x.]lj lej Tmi + Tmi
=1 =1
m—1
< Wi, g —A(Zl,...,lm_l,l) — Cji; + Tmi

1

J

= Wy ., Cji; — max 0, w21 P Cji; ¢+ Tmi

S Tmi s

where the first inequality holds since x € C'(w4) and is tight if (i1, ..., tm—1,1) = (4, ...,4,4), and
the last inequality is tight if w® — Z;”:_ll cji; > 0. Since 1 <7 < s, we have that A(7,...,7) > 0,
which implies that (i,...,7) € D;(p), that is therefore nonempty. Lastly, if s +1 < i < n, we
have that Z;nzl zj; = A(i,...,1) = 0, which implies that p7;, = ¢j; for all ¢,j, 1 <j <m —1
and s+1<i<n. N

Finally, we focus our attention on the particular case of m-sided assignment markets with
homogeneous goods. For those markets, their associated m-SAPs are truncated additive
(see Section 3). Hence, we are in the position to describe how the set of competitive
prices for these type of markets is. Specifically, by Theorem 3 we know that, for any m-

sided market with homogeneous goods, the set of core prices -or equivalently, the set of

3When the m-SAP is truncated additive, s is precisely defined in (3) and is denoted by 7.
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competitive prices- is always nonempty. Moreover, suppose without loss of generality that the
truncated additive m-SAP associated to an arbitrary assignment market with homogeneous
goods AM(cq,...,cm_1;w) is (N1, ..., N™: A%), where vector d is equal to (—cq, ..., —Cpm_1, W)
and w is the vector of willingness-to-pay of buyers -it is a vector rather than a matrix because
goods are homogeneous-. Assuming that dy, ..., d,, are arranged (as usual) in a non-decreasing
way, let 7 be the largest 1 < i < n such that w® — Z;"’:_ll ¢ji > 0. Then, by (7), (8), (9) and
Theorem 3, for each competitive price p we have that 1) all firms with index not greater than r
of the same type, j, must charge the same price, i.e. pj1 = ... =pj, =p; forall1 <j<m-—1
and 2) any firm with index greater than r must charge its own unitary cost, i.e. pj; = ¢j;
for 1 <j<m-—1ifr+1 < i < n.'* Parameter r accounts for the maximum number of
benefit-generating transactions that can occur simultaneously in the market. Furthermore,
also by Theorem 3, p1, ..., pm—1 must be such that w,41 < Z;”:_ll p; < w, and c;f <p; < c;f“

foralllgjgm—l.15

YWe have not used p1, ..., pm_1 instead of z11, ..., Z(m—1)1 throughout the paper because, as we have already
shown in Section 3, truncated additive m-SAPs embody more general frameworks than m-sided assignment

markets with homogeneous goods.

151f r = n, the restrictions are Z;’:ll p; < wr and ¢ < pj.
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7 Appendix

Equations (4) form a shstem of 7™ linear equations on the r-m variables 11, ..., L1y, ooy Ty ooy T

(23) Hx =z

where H € Mymy,.m({0,1}) is obtained by joining all the rows h* € {0,1}"™ satisfying that
for any 1 < j < m there is only one non-zero element hfij and 2! € R™™ is defined by

2, = ZT:l dji;where {i1,...,i,, } are the non-zero elements of tk, for all k = 1...r™. Then,
Lemma 16 The rank of H is 1 +m - (r — 1).

Proof. Consider the following 14+m-(r—1) vectors (where the semicolon is used to separate

the payoffs to the agents of different types):

oM = (1,0,0,...,0;1,0,...,0;...; 1,0, ...,0)
o127 = (0,1,0,...,0;1,0,...,0;...; 1,0, ..., 0)
R (0,0,1,...,0;1,0,...,0;...; 1,0, ..., 0)
oM = (0,0,...,0,1;1,0,...,0;..;1,0, ..., 0)
v22T = (1,0,0,...,0;0,1,...,0;...;1,0,...,0)
2" = (1,0,0,...,0;0,0,...,1;..;1,0,...,0)
o™ = (1,0,0,...,0;1,0,...,0;..;0,1, ...,0)
o™ = (1,0,0,...,0;1,0,...,0;...;0,0, ..., 1).

By definition, every v/ satisfies that for any 1 < k < m there is only one non-zero element

vi’i’k. Hence, all of them are rows of H.
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On one hand, we claim that the above 1+ m - (r — 1) vectors are linearly independent.

Indeed, suppose they are not. Then there must be a vector of constants

— —
)\ = ()\117 ”'7)\17“7)\227 "7)\27“7 ”'7)\777,27 "7)\mT) 7é 0 {—Fm'(T—l)

such that

m T
.. —
)\111)1’1 + E E )\jﬂ)]’Z = Ozm
k=1 1=2

Then it is easy to check that, for all 1 < j <m and 2 <i <7, A\j; = 0 whereas

m T

A1 +ZZ)\M = 0.
k=2 i=2
- =T . . ..
Therefore A1; = 0. Hence we have that A\ = 0 %, which is a contradiction.
On the other hand, take any other row v of H. From definition, for each type only one

coordinate of v related to this type is non-zero. Let i1, ...,%,, be such that for any 1 < j <m

and 1 <i; <r, vj;, is the only non-zero component of type j. For simplicity of notation we

have use v?>! = ... = v™! to refer to the same vector v!. Then it is easy to check that
m
ZU“J' —(m-1)- bt =T,
j=1

|
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