barcelonalgse

graduate school of economics

R E S E A R C H N E F W O R K

Manipulation Games in Economics with
Indivisible Goods

Carmen Bevia

January 2009

Barcelona Economics Working Paper Series

Working Paper n® 371



Manipulation Games in Economies with Indivisible Goods*

Carmen Bevig
Departament d’Economia i d’Historia Econdomica and CODE

Universitat Autonoma de Barcelona

January 2009.

Abstract

In this paper we study the strategic aspects of the No-Envy solution for the problem of
allocating a finite set of indivisible goods among a group of agents when monetary compen-
sations are possible. In the first part of the paper we consider the case where each agent
receives, at most, one indivisible good. We prove that the set of equilibrium allocations of
any direct revelation game associated with a subsolution of the No-Envy solution coincides
with the set of envy-free allocations for the true preferences. Under manipulation all the
subsolutions of the No-Envy solution are equivalent. In the second part of the paper, we
allow each agent to receive more than one indivisible good. In this situation the above char-
acterization does not hold any more. We prove that any Equal Income Walrasian allocation
for the true preferences can be supported as an equilibrium allocation of any direct revelation
game associated with subsolutions of the No-Envy solution, but also non-efficient allocations

can be supported.
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1. Introduction

An allocation mechanism can be understood as a mapping from the set of preferences to the
set of feasible allocations. The question which often comes up is whether or not a mechanism
is incentive compatible. It is well-known that many interesting mechanisms (those which select
allocations that are efficient and satisfy some distributional requirements) are manipulable. (See
for example Hurwicz (1972), Thomson (1987), Zhou (1991a), Barberd and Jackson (1995)).

The next natural question is what allocations are obtained when agents behave strategically,
and what is the relationship between these allocations and those which were intended.

The first answer to this question was provided by Hurwicz (1979) who studied the manipula-
bility of the Walrasian mechanism in economies with two goods and two agents. He proved that
the equilibrium allocations of the Walrasian manipulation game are in the interior of the lens
bounded by the true offer curves of the two agents. A generalization of this result for economies
with [ goods and two agents was given by Otani and Sicilian (1982). A counterpart of these
results for the Lindahl manipulation game was established by Thomson (1979). All these results
show that many equilibrium allocations are not efficient with respect to the true preferences.

In the marriage problem, Roth (1984) show that, even though agents reveal their preferences
strategically, the Gale-Shapley algorithm yields stable matching as equilibrium allocations with
respect to the true preferences. Zhou (1991b) completed this result by proving that any stable
matching with respect to the true preferences can be supported by an equilibrium.

In economies with one indivisible good where monetary compensations are possible, Tade-
numa and Thomson (1995) proved that the set of equilibrium allocations of direct revelation
games associated with subsolutions of the No-Envy solution coincides with the set of envy-free
allocations for the true preferences. This last result shows that the main properties of the solu-
tion are preserved under manipulation. Fujinaka and Sakai (2007) have generalized Tadenuma
and Thomson’s by showing that the set of equilibrium allocations of the manipulation game
associated with subsolutions of the Identical Preferences Lower Bound solution coincide with

the set of envy-free allocations for the true preferences.



The purpose of this paper is to continue this line of research by studying the strategic aspects
of the No-Envy solution for the problem of allocating a finite set of indivisible goods among a
group of agents when monetary compensations are possible.

We start analyzing the case where, even though there are more than one indivisible good,
each agent can receive, at most, one object. We call this case the one object per person case.
Tadenuma and Thomson’s framework is a special case of this one where there is only one indi-
visible good. We prove that, under manipulation, all the subsolutions of the No-Envy solution
are equivalent. That is, any envy-free allocation for the true preferences can be supported by
an equilibrium of any direct revelation game associated with subsolutions of the No-Envy so-
lution. And, conversely, any equilibrium of such games yields envy-free allocations for the true
preferences. The characterization still holds if strong equilibrium is used. This result generalizes
Tadenuma and Thomson’s result. In this same framework Azacis (2008) has proposed a simple
mechanism that implements both in Nash and strong Nash equilibrium the set of true envy-free
allocations. This is the closest result to ours. He concentrates in a mechanism that selects a
single-valued outcome while we consider any possible subsolution of the No-Envy solution (single
value or not).

In the second part of the paper, the same problem is addressed but relaxing the assumption
of one agent one object. In this setting, not all envy-free allocations are efficient (as in the one
object per person case). In order to keep the fairness and efficient properties of the starting
solution, we consider the No-Envy and Pareto solution. The result we obtain is different from the
previous one. Although we do not provide a complete characterization of the set of equilibrium,
we prove that any Equal Income Walrasian allocation (an efficient and envy-free allocation) can
be supported by an equilibrium of any direct revelation game associated with subsolutions of
the No-Envy and Pareto solution. However, not all equilibria maintain the initial properties
of the solution. In particular, we show that non-efficient allocations can arise as equilibrium

allocations of the direct revelation game associated to the Equal Income Walrasian solution.



2. The one object per person case

An economy is a list e = (Q,Q, M; R), where @ is a finite set of agents, {2 is a finite set
of objects, M € R is an amount of money, and R = (R;)icq is a list of preference relations
defined over QxR. Let P; denote the strict preference relation associated with R;, and I; the
indifference relation. FEach preference relation is continuous, increasing in money and quasi-
linear, that is, if (o, m);(8,m’), for all t € R (a,m +t)[;(8, m' +t). Also it is assumed that no
object is infinitely desirable or undesirable when compared with another object. Thus, for any
bundle (a,m) € QzR, any i € @, and any 3 € Q, there is an amount of money m’ such that
(a, m)I;(3,m'). We assume that! Q] = |Q|. Let R be the class of all such preference relations.
We assume that €2 and M are known and fixed, therefore an economy is completely described
by a list R € R? where ¢ = |Q] .
A feasible Allocation is a pair z = (0, m), where o0 : Q@ — Q is a bijection that assigns
agents to objects, and m = (my(;))icq is such that ZiEQ Mgy = M. For each i € Q, let
z; = (0(i), my(;)) be the consumption of agent 4.
Note that m(;) can be either positive, negative or zero. Let Z be the set of feasible allocations.
A solution or a mechanism is a correspondence ¢ : R? — Z which associates each R € R?
with a subset of Z.

An important example of solution is the Pareto solution.
The Pareto solution, P: given R € R?, P(R) = {z € Z / there is no 2’ € Z s.t. z/R;z; for all
1€ @ and z;-szj for some j € Q}.
One of the main fairness solution is the No-Envy solution (Foley 1967).

The No-Envy solution, N: given R € R, N(R) ={z¢€ Z / foralli,j € Q, z;iR;z;}.

'"We can casily accommodate the case where |Q| < |Q| by introducing "null objects" without loosing any of the
properties of the No-Envy solution. However, although the case |Q| > |@| can also be considered by introducing
fictitious agents who value only money, the efficiency property of envy-free allocations will be lost (among other
properties). We prefer to avoid this case at the moment. (See for example Thomson (2007) for a discussion on

this issue).



Through the paper, we will use the relation between the No-Envy solution and the Identical
Preferences Lower Bound solution which can be described as follows.

Given R € RY, for each i € Q let R’ € R? be such that R; = R; for all j € Q. The economy
R' is obtained from R imagining that all the agents have the same preferences as agent i. For

such an economy we define,
E(R")={z € P(R") / for all j.k € Q, 2i1;z}}.

The set E(R?) is the set of Pareto efficient allocations at which each agent is indifferent between
what he receives and what the others receive. Since R; = R;, it is easy to check that E(R?) is
essentially single-valued, since for all 2%, z2' € E(R"), 2%, 2 are Pareto indifferent. Using this
set, we define the Identical Preferences Lower Bound solution.

The Identical Preferences Lower Bound solution, F : given R € RY,
E(R) = {z € Z/for all i € Q,for all z* € E(R"), zR;z'}.

Under our assumptions on preferences, given 2%, 2! € E(R'), if 2' = (0, m), and 2z = (7,m),
there exists a permutation 7 of @ such that o(i) = 7(7(i)), and Mmy(;) = Mr(r(;))- Therefore, a
generic element in E(R') can be represented as z' = ((«, mqa(R;)))acq such that,

() 2aen ma(Ri) = M.

(ii) (o, ma(R:))1;(B,mp(R;)) for all a, f € Q, a0 # 5.

This solution is related to the No-Envy solution by inclusion (Moulin (1990), Beviad (1996)).
That is, for any economy R € R?, N(R) C E(R). Therefore, given R € R? and given z € N(R),
ziRi(a,mq(R;)) for all a € Q.

The purpose of this paper is to evaluate the consequences of the strategic behavior of agents
when the prime fairness concept is no-envy. As shown by Alkan, Demange and Gale (1991),
any subsolutions of the No-Envy solution is manipulable. Thus, we would like to know which

properties the allocations obtained under manipulation have according to the true economy.



In order to study such properties, we use a direct revelation game in which the strategy space
is the space of preferences, and the outcome correspondence is a subsolution of the No-Envy
solution.

Given a mechanism ¢, a direct revelation game associated with ¢ is a pair (R, )
such that R is the strategy space, and ¢ : R? — Z is the outcome correspondence.

We deal with the multi-valuation of the outcome correspondence by using definitions of equi-
librium which generalizes the concept of Nash equilibrium. Thomson (1984) discusses various
possible generalizations of such concept. One of them reflects the idea that agents are pessimistic
in the sense that they are not going to change their strategy unless the change causes an im-
provement in all possible outcomes. The other one is the optimistic version; agents will change
their strategy whenever the change causes an improvement in some of the possible outcomes.
We will refer to the first concept as a weak-equilibrium and to the second as an equilibrium

From now on, we will denote the true preferences by R® = (RY, ..., RS).

A pair (R, z) is a weak-equilibrium of (R, o) played in R if z € p(R) and for all i € Q, for
all Rl # R; there is 2’ € p(R}, R_;) such that z;RY2!.

According to this definition R} is a profitable deviation for agent ¢ if for all 2’ € ¢(R}, R_;),
21 PYz;.

A pair (R, z) is an equilibrium of (RY,¢) played in R? if 2 € ¢(R) and for all i € Q, for all
Rl # R; for all 2’ € p(R}, R_;), z;Rz..

According to this definition R] is a profitable deviation for agent ¢ if there is 2’ € (R}, R_;)
such that 2/P?z;.

The set of weak-equilibria (rep. equilibria) of the game (RY,¢) played in R° is denoted by
WE(RY, p; R%) (resp. E(RY,; R%)), and the set of weak-equilibrium allocations (resp. equilib-
rium allocations) by WEA(RY, ¢; RY) (resp. EA(RY, p; RY)).

Notice that any equilibrium is a weak-equilibrium, and therefore, EA(RY, ¢; R%) C WEA(RY, ¢; R°).
Furthermore, as we show in Theorem 2.1, in this model both concepts are equivalent.

Our next result proves that under manipulation, all the subsolutions of the No-Envy solution



satisfying complete indifference are equivalent. Complete indifference is a mild condition met
by all the solutions in this setting that have been discussed in the literature.
A solution ¢ satisfies complete indifference if for all z € Z such that for all 7,5 € @ z1;z;,

then z € p(R).

Theorem 2.1. Let ¢ : RY — Z be such that for all R € R4, p(R) C N(R) and satisfies

complete indifference. Then
N(RY) = WEA(RY, p; B®) = EA(RY, ; R).

Proof. Step 1. N(R?) C EA(RY, p; R°).

Let z € N(R?),and let R € RY be such that z;1;z; for all 4,5 € Q. By complete indifference
z € p(R). Tt remains to prove that (R, z) is an equilibrium of (RY,¢) played in R°. Let i € Q
be given, we will show that no R, # R; can be a profitable deviation for agent i. Let 2’ =
(r,m') € (R}, R_;) be given. Since ¢(R,, R_;) C N(R},R_;) and N(R},R_;) C E(R],R_;), it
should be the case that m’T(j) > m.(jy(R;) for all j # i and m’T(i) > m.(;(R}). By the choice
of R, m,(j)(Rj) = m.;(Ri) = myg) for all j € Q. By feasibility m’T(i) < m,)(R;). Since
z € N(RY), 2 R)z; for all j € Q, in particular, ZiR?(T(i),mT(i)(RZ’))R?(T(i),m’T(i)). Then, for all
2 € o(Ri, R_;), 2iR%]. Thus, (R, z) is an equilibrium of (RY,¢) played in RP.

Step 2. WEA(RY, p; R) C N(R).

Let (R,z) be a weak-equilibrium of (R?,¢) played in R?. Suppose that z ¢ N(R"). Then,
there is at least one agent i € @ who envies somebody. For each a € Q let m!, be such that
(0 (1), mo@@)) I} (@, ml,).

Case 1. Suppose that Y . omi < M.

For each o € €, let mq(RY) be such that (o, ma(RY))IP (8, ma(RY)) and Y, .qma(RY) = M.
By monotonicity of preferences in money, m!, < m,(R?) for all o € Q. If agent i switches from
Ri to RY, for all 2/ = (1,m') € p(RY,R_;) C N(RY,R_;), since N(RY,R_;) C E(R?,R_;), we

obtain that m’T(i) > mT(i)(R?) > mi(i). Then,
(T(Z)v m;—(z))R?(T(Z)a M () (R?))on (T(Z)7 mi(z))lzo(ff(l)a ma(z))
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Therefore, R? is a profitable deviation for agent ¢, in contradiction with the fact that (R, z) is
an equilibrium of (R, o) played in RC.

Case 2. Suppose that ) .o mt, > M.

Let Q" C Q\{i} be such that j € @', z;P2z;.Let ¢ =|Q’|, and R; # R; be such that

(1) Moy (R) = Mo + ¢,

(ii) mo(j)(R]) = my(;) — k for all j € @,

(i) 7o) (R)) = moq) + L575 for all 1 ¢ Q' U {i},

with k£ and ¢ such that:

(1) e,k >0,

(2) (q_qﬁ <k <mggy — mfr(j) for all j € Q'.

We claim that for all 2’ € p(R}, R_;), 2.P2z;.

Let 2/ = (1,m) € (R}, R_;). Since p(R,R_;) C N(RY,R_;) C E(RY,R_;), if 7(i) = o(i),
clearly z/P{z;. If 7(i) = o(j) for j € Q’, since k < m, ;) — mg(j), then 2/ P2z If 7(i) = o(l) for

1 ¢ Q U{i} and my() + qq_/];,__el > mg(l), then 2/ P?z;.
Let Q" = {l ¢ Q" U {i} such that my() + q‘{’;% <m! l)}. To complete the proof we only need
to show that for all I € Q*, z; # (o(I), m]) with m} € [myq) +

¢ q q’ 7, (l)]'
Suppose that there is 2’ = (7,m’) € ¢(R}, R_;) such that 7(i) = o(l) for some | € Q* and

! .
k—e 7

m; € [myy + L]fl,mg(l)].

Claim 1. For all I € Q*, 7(I) # o ().

Suppose that 7(I) = o (7). Let m*,m € R be such that (o (1), m;)I;(o(i), m*), and (o(1), m}) /(o (i), m).
Since 2" € p(R;, R—;) € N(R}, R_;), m > m,q > m*. But, let us see that this is not possible
because m* is bigger than m.

Let m! . be such that

a (i)
(o(1),m m+’“q‘5m< (i), ml ).

—1

q(ll];rfl)ﬂ(a(l)a ma(l)+€)' Since z € QO(R) - N(R)v (U<l)7 ma(l))Rl(U(i)7 ma(i))a by quaSi-hneal"ity,

Since (q_qﬁ < k, we know that qq_q_e > ¢. By monotonicity of preferences in money, (o(1), mq )+

(o(l), mg(y + €)Ri(a(i), my(;) + €). By monotonicity of preferences in money, mfj(i) > Mg () + €.



Thus, by quasi-linearity m* > m.

Claim 2. For all | € Q*, and for j € @', 7(I) # o(j).

Suppose that there is | € Q* such that 7(I) = o(j) for some j € Q. Let m*,m € R be
such that (o(1),m})I;(o(5),m*), and (o(1),m;)I/(c(j),m). Since 2’ € p(R;, R_;) C N(R}, R_;),
m > m.y > m*. But, let us see that this is not possible because m* is bigger than m.

Let mir(j) be such that

dk—c¢ .
(o(l), meq) + m)fl(a(]),mé(j))-

Since z € ¢(R) C N(R), (U(l),ma(l))Rl(U(j),ma(j)). Since q‘{];,_fl >0,

Jdk —¢

(a(l)smoqy + T—q—1

VPi(a(f); mo(j))-

Therefore, mff () > Mo(j)- Thus, by quasi-linearity m* > m.
Claim 3. For all | € Q*, and for all n ¢ Q" U {i}, n # 1, 7(I) # o(n).
Suppose that 7(1) = o(n) for some n # I,n ¢ Q'U{i}. Let m*,m € R be such that (o(1), m})[;(c(n), m*),
and (o (1), mj)I;(c(n),m). Since 2’ € p(R}, R—;) € N(R}, R_;), m > m,q > m*.
Let mfj(n) be such that

dk —¢
qg—q¢ —1
Since z € p(R) € N(R), (o(), meq)) Ri((n), My(y)), by quasi-linearity

(U(l)’ma(l) + )Il(g(n)amg(n))'

dk—¢ dk—¢

(U(l)vma(l) + g—q —1 )

JRi(0(n), My (n) + —d—1

By monotonicity of preferences in money mfj(n) > Mg (n) + qu;ffl.

! — . . . . . — .
qq_’f]i,_al. Then, in this case and by quasi-linearity, m* > m, in

contradiction with the fact that 2’ € ¢(R;, R_;) C N(R},R_;). Thus, if 7(I) = o(n) for some

Suppose that mé(n) > Mg(n) +

n#lné¢Q Ui}, mff(n) = My(n) + qu;%. In this case agent n should receives (i), or o(j)
for some j € Q' or o(s) for some s ¢ Q' U{i}, s # [,n. But in any of those cases, we can repeat
the above arguments. Thus, an agent s ¢ Q' U {i}, s # [, n should receive o(i) or o(j) for some
j € @', but this is not possible by claims 1 and 2.

Therefore, for all 2’ € (R}, R_;), and for all [ € Q*, z; # (o(I),m]) with m] € [m,q) +

9



LT )
Thus, for all 2’ € p(R., R_;), 2/P%2;, which is a contradiction with the fact that (R,z2) is a
weak-equilibrium of (R, o) for R°. B

Notice that since N(R?) # @ for all R € RY, the first part of the proof also shows the exis-
tence of equilibria of (R, o) for RY. Furthermore, since all the envy-free allocations are efficient
(Svenson (1983)), the result also shows that efficiency is not destroyed under manipulation.

In the next result we show that the above characterization also holds if a refinement of the
equilibrium is used.
A pair (R, z) is a strong equilibrium of (RY,¢) for RV if z € p(R), and for all S C Q, S # 0,
for all Ry = (R;)ics with Ry # Rg, for all 2’ € o(R, R_g), z;RYz! for all i € S.
Let SE(RY, p; R%) be the set of strong equilibria of (RY,¢) for R, and SEA(RY, ¢; R°) be the

set of strong equilibrium allocations of (R, ) for RY.

Theorem 2.2. Let ¢ : RY? — Z be such that for all R € R?, ¢(R) C N(R) and satisfies
complete indifference. Then

N(R") = SEA(RY, ¢; R).

Proof. Let z € N(R?), and let R € RY be such that z;[;z; for all i,j € Q. By complete
indifference z € p(R). It remains to prove that (R, 2) is a strong equilibrium of (RY, ) for RO.
Suppose that there is S C @, |S| > 2 such that for some Ry = (R});cs with Ry # Rg, there is
2 = (r,m') € p(Ry, R_g) such that for all j € S, zéP]QzJ-. For each 7 € S and for each o € 0,
let m?, be such that (a,mé)ljo(cr(j), Mey(j))- Since z € N(R), mi(i) > mg(; for all i € Q. Since
for all j € S, z}P]Ozj, m’T(j) > mi(j) > m. ;) By feasibility, for some k € Q\S, m’T(k) < My ()
But 2’ € ¢(Rg,R_s) C E(Rg, R_s) and (0(k), mg(y))Ik(0(i), my(;)) for all i € Q. Therefore,

m! (k) = Mr(k) In contradiction with feasibility. H
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3. The general model with indivisible goods

In this section we study the strategic aspects of the No-Envy solution in economies with indi-
visible goods in which each agent is allowed to consume more that one indivisible good.

An economy is a list e = (Q, 2, M; R), where @ is a finite set of agents, (2 is a finite set
of objects, M € R is an amount of money, and R = (R;)icq is a list of preference relations
defined over P(2)xR, where P(2) denotes the power set of Q. Let P; denote the strict relation
associated with R;, and I; the indifference relation. Each preference relation is continuous, in-
creasing in money and quasi-linear, that is, if (4, m)I;(B,m') with A, B € P(Q), for all ¢t € R,
(A,m + t);(B,m' +t). We assume that no set of objects is infinitely desirable or undesirable
when compared with another set. Thus, for any bundle (4, m) € P(Q)xR, any i € @, and any
B € P(R), there is an amount of money m’ such that (4, m)I;(B,m'). Let R be the class of all
such preference relations. We assume that €2, and M are known and fixed, therefore an economy
is completely described by a list R € R? where ¢ = |Q)] .

Let P(€2,q) be the set of all the partitions of Q with ¢ elements. That is, P(Q,q) = {P =
{A1,..,Ag}/Ai € P(Q),UicQAi = Q, AiNA; =0 for all i # j}.

A feasible allocation is a triple z = (P,0,m), where P € P(Q2,q), 0 : @ — P is a bijection,
and m = (Mgy(;))icq is such that ZieQ my(;) = M. The bijection o is called an assignment. For
each i € Q, let 2; = (0(i), my(;)) be the consumption of agent 7. Note that m,; can be either
positive, negative or zero. Let Z be the set of feasible allocations.

The Pareto solution, the No-Envy solution and the Identical Preferences Lower Bound solution
are defined as in Section 2.

Given an efficient allocation, (P, o, m), we will refer to o as the efficient assignment, and P as

the efficient partition. Given an economy R € RY, let ¥(R) be the set of efficient assignments.

If agents can receive more than one object, not all envy-free allocations are efficient (Bevid
(1998)). In order to keep efficiency we consider only subsolutions of the No-Envy and the Pareto

solution. We denote the intersection of the No-Envy solution and the Pareto solution by N P.
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In the one object per person case, the No-Envy solution also coincide with the Equal Income
Walrasian solution (with divisible goods, this is the Walrasian solution from an equal distribution
of the resources, we properly define the solution in the case of indivisible goods below). Thus,
Theorem 2.1 also tell us that the set of equilibrium allocations of the game associated with
any subsolution of the Equal Income Walrasian solution is the set of Equal Income Walrasian
allocations for the true preferences. This result contrasts with the one obtained by Otani and
Sicilian (1982) in the case of divisible goods where, even though the Walrasian allocations for
the true preferences are in the set of equilibrium allocations , non-efficient allocations are also
in that set. When we allow agents to consume more than one object, the results becomes
closer to the ones with divisible goods. Although we do not have a complete characterization
of the set of equilibrium allocations, we show that the Equal Income Walrasian allocation for
the true preferences can be supported as an equilibrium allocation of the direct revelation game
associated to any subsolution of the No-Envy and the Pareto solution. This is good news, but we
give an example where some other non-efficient allocations can also be supported as equilibrium.

We start with the formal definition of the Equal Income Walrasian solution.

Let p = (pa)acq € RI2l denote prices for the indivisible goods (prices are expressed in units
of money). If agent i buys the set A of objects he will pay pa = Y c 4 Pa-

The Equal Income Walrasian solution, WI: given R € R?, z = (P,o,m) € WI(R) if
z € Z, and there exists a price vector p € Rl such that,

(i) if (A,ma)Pi(0(i), Mg (i), then pa +ma > poy + Mo

(i) Po(i) + Mo(i) = Po(j) T Me(j) for all 4, j € Q.

The inclusion of the No-Envy solution in the Identical Lower Bound solution was essential
in the proof of Theorem 2.1. This relation does not hold in the general model (Bevid (1998)).

But still, we can apply the following lemma.

Lemma 1. Let R € RY, and let z = (P,0,m) € N(R). For eachi € Q, let (0(j), my(j)(R:))jeq
be a feasible allocation such that (o(j), my(j)(Ri))li(o(k), meu(R;)) for all j,k € Q. Then,
21R1(0<]),m0(j)(R1)) for al]j S Q

12



Proof. Suppose that for all j € Q, (0(j), my(j)(R;))P;zi- Since z is envy free, z;R;z; for all
J € Q. Thus, mgy(;)(R;) > my for all j € Q, in contradiction with feasibility. W

In Section 2 complete indifference was required in order to obtain the characterization of
the equilibrium allocations. In the present model, this condition is not satisfied by the Pareto
solution. For our result, we will use a weaker condition which will be satisfied by all the Pareto
solutions that are presented in the paper. In the one object per person case, both conditions
are equivalent.

A subsolution of the Pareto solution, ¢, satisfies P-complete indifference if for all R € RY,
for all z € P(R) such that for all 7,5 € Q, zI;zj, then z € ¢(R).

Under this condition we are ready to establish our first result.

Theorem 3.1. Let ¢ : R? — Z be such that for all R € R%, p(R) C NP(R) and satisfies
P-complete indifference. Then, WI(R®) C EA(RY, p; RO).

In order to prove the theorem we need the following lemmas, which give some properties of

the Equal Income Walrasian solution.

Lemma 2. Given z € WI(R), if 7 € X(R°), and 2’ = (P',7,m’) is such that for all i € Q,
z10z], then 2/ € WI(RO).

17

Proof. Step 1. 2/ € Z

Suppose that >, om; = M’ < M. Let 2 = (P',7,m") be such that m; = m; + M;M/.

Thus 2" € Z and 2/PP2[I?%; for all i € Q, in contradiction with the efficiency of 2.Then,
> icqmy; = M' > M. Suppose that >°,com; = M’ > M. Let 2" = (P',7,m") be such that
m; =m} + MfTM,. Thus 2” € Z and 2[12; P2} for all i € Q. But this is a contradiction since

2" is Pareto efficient because is feasible and 7 € %(R?). Therefore Y-, mj = M.

Step 2. 2/ € WI(R?).

Let p € R be the equilibrium prices at z. Since ziI?zg and 2’ is Pareto efficient, we claim
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that for all © € Q, pr) + M) = Po@) + Mo@)- Suppose that p iy + M) < Doy + Mo(s)
for some ¢ € Q. Let m, = mr;) + d, where d is such that p-;) + m.) +d < pyi) + Mos)-
Then (7(i),m;)PY(0(i), my(;)) which is a contradiction because z € WI(RP). Therefore for all
i € Q, Pr(p) + Mr(i) = Poi) T Mo(i)- Then, 3 2ico(priy + mrw) 2 XicqPo(i) + Mo(s)). But
ZZ-GQ M) = ZZEQ Mg (), and UicqT (1) = Uieqo (i), then ZiGQ Pr(i) = ZieQ Po(s)- Therefore,
Pr(i) T Mr() = Po(i) T+ Mo()- A

Lemma 3. Given z € WI(R?) let P be any other non-efficient partition. For any A € P and

for any i € Q, let m’; be such that 2z 1?(A, mY), and let m 4 = min; mY. Then Y aepma > M.

Proof. For any A € P there is i € Q such that (A, ma)I)(0(i), my(;)). Since z € WI(R?),
PA + MA 2 Dy(i) T Meg(s). SINCE Po(s) + Moy = Po(y) + Mo(y) for all 4,5 € @, we conclude that
>oaep(Pa+ma) = 3 icoWPoi) + Mo())- Since UnepA = Uicqo (i), DoacpPA = Doicq Poli)-
Therefore, > 4cpma > 3 icqo Mo =M. B

Proof of Theorem 3.1. Let z € WI(R?), and let R € R be such that
(i) zidiz; for all i,j € Q.
(ii) for all 7 € X(R?) and 2’ = (P',7,m') such that for all i € Q 20z

7, let zilizgliz; for all
1,7 € Q.

(iii) for any other partition P, and for any A € P, let m4 be as it was described in Lemma 3. If
Yoacpma = M, let zI;(A,my) forallic @, forall Aec P.If) ,.pma > M, let m% = my—d,
with d = M, and let z;[;(A,mY%) for all i € Q, for all A € P.

By (i), (ii), (iii), z € P(R), and by P-complete indifference z € ¢(R). It remains to prove that
(R,2) € EA(RY,¢; R%). Let i € Q, we will show that no R, # R; can be a profitable deviation
for agent i. Let R, # R;, and let 2’ = (P',7,m') € (R, R_;) C NP(R],R_;), by Lemma 1,
m’T(j) > m(j)(Ry) for all j # 4. Since my ;) (R;) = m.(j)(Ry) for all 4,4, and > 2\ me-x)(R;) =
M, by feasibility mfr(i) < my ;) (Rs). Since z € WI(R®), by Lemmas 2 and 3, and by (i), (i)
and (iii), for m, ;) such that zI?(7(i),m.(;) should be the case that m.,; > m, ) (R;). There-
fore, by monotonicity of preferences in money, z; 1P (7(2), m.;y) RY(7(2), -5y (Rq)) R (7 (i), m’T(Z.)).

Consequently, (R,z) € EA(R?,p; R®). W
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The next example shows that inefficient allocations can also be supported as equilibrium of
the direct revelation game associated to subsolutions of the No-Envy and Pareto solution. In
particular, in the example we consider the Equal Income Walrasian solution.

In order to avoid problems of existence, we restrict the domain of preferences to satisfy the
following properties:

For each agent i € @), preferences are representable by a utility function such that:

(i) For each (A,m) € P(Q)xR, u;(A,m) = v;(A) + m, where v;(A) is the reservation value of
holding the set of object A.

(ii) The reservation value functions are submodular. That is, v;(A) —v;(A\«) < v;(B) —v;(B\«a)
for all « € B C A.

Let Ry be this class of quasi-linear preferences.

Although submodularity is not sufficient to imply existence of Walrasian allocations if in-
divisible objects are not perfect substitutes for one another (Bevid et al. (1999)), existence is
guarantee with submodularity if objects are identical (Henry (1970)). In the following example

we deal with identical objects.

Example 1. Let ¢ = (Q,Q, M; R%) be such that Q@ = {1,2}, Q = {a,a,a,a} that is, we
have four units of an identical indivisible object, M = 10, and the preferences R € Rs of
agent i holding m; units of money and the set A of object is described by the utility function
ui(A,m;) = vi(A) + m; where vi(a) = 1; v1(2a) = 2; v1(3a) = 3; vi(da) = 4; va(a) = 2;
v2(2a) = 4; v2(3a) = 6; va(4ar) = 6.

The efficient assignment of objects in this economy requires to give one unit of a to agent one
and three units of o to agent two. Notice that, in this particular example, the Equal Income
Walrasian allocation is the standard Walrasian allocation obtained when the initial resources of
agents are the equal division of the total resources, ((2«,5), (2a,5)). Thus, it is not difficult to
see that the unique Equal Income Walrasian allocation for this economy is z = (z1, z2) such that
z1 = (,6); 22 = (3a,4), and p, = 1.

Let us consider the direct revelation game associated with W 1. Notice first that, for the allocation
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z, the preferences described in (i), (i) and (iii) in Theorem 3.1 satisfy submodularity. So, we can
follow the proof of Theorem 3.1 to conclude that z can be supported as an equilibrium allocation
of the game (R2,W1I) played in R®. But let us see that we can also support allocations which
are not efficient for the economy e. In particular let z* = (27, z3) be such that zj = (2a,5) and
25 = (2a,5). Clearly, this allocation is not efficient for the initial economy. Let R € R? be such
that

(2ct,5)1;(3ax, 5)I; (4, 5) 1; (e, 7)1;(2,9) for all i € {1,2}.

For this new economy the unique efficient assignment requires to give each agent two units of a.
Any price between cero and two can support this efficient assignment. And clearly, z* € WI(R).
It remains to prove that (R, z*) is an equilibrium of (R2, WI) played in R°. Let us show first
that no R} # Ry can be a profitable deviation for agent 1. Let 2z’ = (7,m') € WI(R}, Ra) be

given. If R} is a profitable deviation for agent 1, then
(r(1),m)) PP (2a, 5)I7 (v, 6) I (3cx, 4) I (4a, 3) 11 (@, 7).
Furthermore, since 2’ € WI(R}, Rg), for agent 2 it should be the case that
(1(2),my)Ra(2cx, 5) I2(3cr, 5) Iz (4, 5) [2 (v, T) [2(2, 9).

Notice that there is no a feasible allocation compatible with those requirements. Finally, let us
show that no R}, # Ry can be a profitable deviation for agent 2. Let 2" = (p,m") € WI(Ry, R))

be given. If R} is a profitable deviation for agent 2, then
(p(2),m3) P (2c, 5)13 (3cx, 3) 19 (4cx, 3) I3 (v, ) I9(2,9).
Furthermore, since 2 e WI(R1, R)), for agent 1 it should be the case that
(p(1),m1)R1 (20, 5) 11 (3, 5) 11 (4ox, 5) Iy (e, T) T1(2, 9).

Again notice that there is no a feasible allocation compatible with those requirements. Thus

z* = (2%, 23) is an equilibrium of the game (R%, W) played in RP.
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Finally, we can argue that, although z* is not efficient, it is envy free. Thus, we can still
thinking that, perhaps, all envy free allocations can be supported as an equilibrium. However,
let us see that in the above example, the allocation z = ((&, 8), (4« 2)), which is envy free, can
not be supported as an equilibrium. Suppose that there is R* such that (R*, Z) is an equilibrium.
Notice first that (2« 5)P2(4a, 2). Then, agent two can guarantee himself at least the utility of
the initial endowments by announcing his true preferences, because the Equal Income Walrasian

allocation is always weakly prefer to (2«, 5). Therefore, (R*, Z) can not be an equilibrium.
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